Introduction
Let p be a prime and let G be a torsion-free abelian group. The subject of this work is the group Hom(G, Z p ) of p-adic functionals on G. This group is viewed as a p-adic dual of G, and is studied using the techniques of functional analysis. This is a novel approach that adds clarity to a difficult area of study. To emphasize this approach, the notation G * p is used instead of Hom(G, Z p ). It is shown that an analogue of the Hahn-Banach Theorem (Proposition 3.13) holds in this setting; broadly speaking, this means that G * p contains enough functionals to be interesting.
There is a natural homomorphism of G into its p-adic double dual, G * p * p , and one of the main results of this work is that the image of G is dense in the relative topology that the double dual inherits as a subspace of Z G * p p (Theorem 3.31). As a submodule of the free Z pmodule Z G * p p , G * p * p is also a free Z p -module. Thus, in particular, it is a pro-p group, and the pro-p topology agrees with the relative topology.
There is another pro-p group, called the pro-p completion of G, that shares this same property of having a homomorphism from G into it, the image of which is dense. Moreover, the pro-p completion satisfies a universal property, which implies that there exists a continuous homomorphism from the pro-p completion to the p-adic double dual. The main result of Section 4 is Theorem 4.3, which states that this homomorphism has a continuous inverse, so the pro-p completion and the p-adic double dual of G are continuously isomorphic (in a way that preserves the image of G in each of them).
The Z p -modules G * p , as p ranges over the set of all primes, give enough information to reconstruct the isomorphism class of the torsionfree abelian group G. Section 5 describes how this is done in the finite-rank case; in particular, if G has finite rank, then Theorem 5.10 provides an isomorphism invariant for G. (For a torsion-free abelian group G, let us use the term rank to refer to the torsion-free rank of G, that is, the size of any maximal independent subset.) This invariant is a matrix description of G that is related to others due to Kurosch and Malcev from 1937 and 1938 respectively (see [11] and [13] , or [10] for a more modern description of the latter, with applications to developments since then).
1.1.
History. This work contributes to the classification and description of torsion-free abelian groups, which is an area with a long historyan excellent overview of the theory is given in [1] . In 1937, Baer [2] classified the torsion-free abelian groups of rank one using an invariant called the type of the group, which is an equivalence class of supernatural numbers.
At the same time, Kurosch [11] and Malcev [13] developed matrix descriptions of a finite-rank torsion-free abelian group. Definitions 5.2 and 5.7 and Theorem 5.10 from Section 5 provide a matrix description that is related to these.
The results here are most closely related to work of Warfield from 1968 [18] , in which, for a rank-n group M and a rank-1 group G, Warfield considers the dual Hom(M, G) and the double dual Hom( Hom( M, G), G), and gives necessary and sufficient conditions for the natural homomorphism from M to the double dual to be an isomorphism.
The functional analysis approach that is used here is modelled after the theory of functional analysis on partially ordered torsion-free abelian groups, an excellent reference for which is the book [6] . In particular, the p-adic Hahn-Banach Theorem that is proved here is modelled after Lemma 4.1 and Proposition 4.2 of [6] (originally from [7] ).
The matrix description of finite-rank torsion-free abelian groups that appears in Section 5 is one of the main results of this work (although by no means is it the only one). Given that it is closely related to the matrix descriptions of Kurosch and Malcev, it would be natural to ask: What is new in this work that is not already present in the works of those authors? In response to this question, I would point to the epigraph that precedes this introduction. This epigraph is a quotation from Kurosch, in which he acknowledges that his matrices arise from a difficult sequence of calculations, and calls for a better theoretical understanding of the relationship between torsion-free abelian groups and p-adic integers. The theory of p-adic functionals that is introduced here subsumes most of the difficult calculations, making them invisible, and so represents a clear answer to Kurosch's entreaty. There is the added bonus that the matrices in the present work are simpler than Kurosch's or Malcev's in that they have fewer rows.
Furthermore Theorem 4.3, about the pro-p completion of a torsionfree abelian group, is another consequence of this theory, and to my knowledge this result is entirely new.
1.2. Notation. Let p be a prime. Z p denotes the ring of p-adic integers and Q p denotes its field of fractions. The p-adic absolute value of an element α of Q p or Z p is denoted by |α| p . If n ∈ N and R is a ring, then R n denotes the module consisting of n × 1 columns with entries in R, while (R n ) * denotes its dual consisting of 1 × n rows. If m, n ∈ N, then M m×n (R) denotes the module of m × n matrices over R. For r ∈ R n , r t denotes its transpose in (R n )
Let G be a torsion-free abelian group and S a subset of G. Then S * denotes the pure subgroup of G generated by S; that is, S * := {g ∈ G : ng ∈ S for some n ∈ N}.
1.3. Outline. Section 2 contains examples of torsion-free abelian groups with calculations of their p-adic functionals.
Section 3 is the biggest section, and introduces the notation and terminology of p-adic functionals. It includes a discussion of the p-adic topology on a torsion-free abelian group G (Section 3.1); the statement and proof of an analogue of the Hahn-Banach Theorem (Proposition 3.13 in Section 3.2); results about the dual space of all p-adic functionals on G (Section 3.3); and results about double dual spaces, including the fact that the natural homomorphism from G to its double dual has dense image (Theorem 3.31 in Section 3.4). Section 4 contains a proof that the p-adic double dual of a torsion-free abelian group G can be naturally identified with the pro-p completion of G (Theorem 4.3).
Section 5 uses the theory of p-adic functionals to classify finite-rank torsion-free abelian groups up to isomorphism; this is the content of Theorem 5.10. The classifying invariant is a sequence of matrices that is related to Malcev's matrices, and is subject to the same equivalence relation as Malcev's matrices [13] , although these matrices have fewer rows.
Examples
This section contains two examples to illustrate the theory. The groups in both of these examples are inductive limits of stationary inductive sequences of finitely-generated free abelian groups-see [4] for previous results about these groups, including a classification up to quasi-isomorphism. There has already been work done on the realvalued functionals on ordered abelian groups that are inductive limits of stationary inductive sequences of simplicial groups (see [8] and [14] ). The p-adic theory is similar to the theory in the ordered case: in particular, p-adic functionals come from rows that are combinations of certain left eigenvectors of a matrix representation of the homomorphism from the stationary inductive sequence [15, Theorem 4.9] . . These roots, being algebraic integers, have 3-adic absolute value at most 1, and, as their product is det A = 3 and their sum is Tr A = 5, exactly one of them must have 3-adic absolute value less than 1. Let us use the symbol λ to denote this eigenvalue. Then eigenvectors of A associated to λ and its algebraic conjugate, 5 − λ, can be taken to be
and
. Z is dense in Z 3 , so, as Z 2 ⊆ G, G contains elements that are arbitrarily close to v 1 and v 2 in the norm · 3 . In particular, the sequence
has the property that its nth element is divisible by 3 n in G, and this sequence converges to the λ-eigenvector λ−4 1 of A. There is a metric on G called the 3-adic metric (Definition 3.2) that says that an element is small if it is divisible in G by high powers of 3. Write g ∈ G as g = α 1 v 1 + α 2 v 2 ; then it can be proved that g is divisible by high powers of 3 if and only if |α 2 | 3 is small. (Here is the idea of the proof: g ∈ 3 n G if and only if
, and |λ k | 3 = 3 −k , which is already small in p-adic absolute value, so G k g will be small in the 3-adic sense if and only if |(5 − λ) k α 2 | 3 = |α 2 | 3 is small.) Any group homomorphism f : G → Z 3 can be represented as left multiplication by a row in (Z 2 p ) * , and any such row has the form
, where β 1 , β 2 ∈ Z 3 . As A is symmetric, v t 1 and v t 2 are left eigenvectors associated to λ and 5 − λ respectively. The fact that f : G → Z 3 is a group homomorphism implies that it must be continuous with respect to the 3-adic metric on G, which happens if and only if β 1 = 0 (this is a consequence of the fact that v t 1 v 2 = 0, so the v t 1 component of f kills the component of g that determines how 3-divisible g is).
Thus, up to multiplication by a scalar, there is a unique group homomorphism f : G → Z 3 , which is given by left multiplication by v
f is an isometry, so G is in fact isomorphic to this image, which is a subgroup of Z 3 because λ/3 ∈ Z 3 .
The group in the next example admits two independent 3-adic functionals. 3 + x 2 + x + 3; let us denote the roots of this by λ, µ, and ν. The product of these roots is det B = −3, so at least one of them-say λ-has 3-adic absolute value less than 1. But λµ + µν + νλ = 1, so |µ| 3 = |ν| 3 = 1. It is a consequence of the Newton Polygon Theorem [3, Theorem 6.3.1] that λ ∈ Q 3 , and hence λ ∈ Z 3 , although the Theorem does not say anything µ and ν. w λ := (1, λ, λ 2 ), w µ := (1, µ, µ 2 ), and w ν := (1, ν, ν 2 ) are left eigenvectors of B associated to the eigenvalues λ, µ, and ν, respectively. Let v λ , v µ , and v ν denote corresponding right eigenvectors.
Consider the torsion-free abelian group H = ∞ n=0 B −n (Z 3 ). Any element g ∈ H can be written as a combination g = α λ v λ +α µ v µ +α ν v ν , but in this case the coefficients will lie in the splitting field K of χ A (x) over Q 3 . As was the case in Example 2.1, g is divisible by high powers of 3 if and only if α µ and α ν are small in the extension of the 3-adic absolute value to K. Thus the only group homomorphisms from H into Z 3 are the combinations of w µ and w ν .
Using the facts that λµν = −3, λµ+µν +νλ = 1, and λ+µ+ν = −1, we can calculate
Any homomorphism f : H → Z 3 can be written as a Z 3 -combination of these two rows. (This follows from a rank argument: the group Hom(H, Z 3 ) is a free Z 3 -module, its rank cannot exceed 3, it does not contain any non-zero multiple of w λ , and we have found two independent rows that it does contain.)
p-adic functionals
The goal of this section is to study the group Hom(G, Z p ), of homomorphisms from a torsion-free abelian group G into Z p , from a functional analysis point of view. To emphasize this point of view, these homomorphisms will be referred to as p-adic functionals on G.
Definition 3.1. Let p be a prime and let G be a torsion-free abelian group. Then a p-adic functional on G is a group homomorphism f :
The starting point of this work is Proposition 3.13, which is an analogue of the Hahn-Banach Theorem for the setting of torsion-free abelian groups. Proposition 3.13 says that if f is a Z p -valued group homomorphism on a subgroup H of G and f is t-contractive for some p-adic sublinear pseudometric t (Definition 3.10), then f extends to a p-adic functional on G that is also t-contractive. This allows us to establish the existence of p-adic functionals on G with desired properties by first finding functionals with those properties defined on some subgroup and then extending them to all of G.
A consequence of this theory is that the group of all Z p -valued homomorphisms on G (which will be denoted by G * p to emphasize the functional analysis point of view) contains enough functionals to be interesting. Section 3.3 deals with this group, both as a topological space and as a torsion-free abelian group.
The elements of G are themselves p-adic functionals on G * p , and there is a homomorphism from G into the double dual group, which consists of p-adic functionals on the group of p-adic functionals on G. It will be shown in Section 4 that this double dual group G * p * p coincides exactly with the pro-p completion of G. This result provides a means of describing the pro-p completion of G, which is interesting in itself.
p-adic functionals are a Z p -submodule of the set of Q p -valued group homomorphisms on G that are contractive with respect to a certain pseudometric; let us describe this pseudometric now.
3.1. The p-adic pseudometric. If g is an element of a torsion-free abelian group G and n ∈ N, let us say that g is divisible by n or ndivisible in G if there exists h ∈ G such that nh = g. Let us say that G is n-divisible if each element of G is n-divisible. Definition 3.2. Let G be a torsion-free abelian group and p be a prime. Define the p-adic pseudometric d p on G by
where k is the non-negative integer that is maximal with the property that g − h is divisible by
The reader is invited to verify that d p satisfies the definition of a pseudometric; indeed, it satisfies the strong triangle inequality:
d p is a metric if and only if 0 ∈ G is the only element that is divisible by arbitrarily high powers of p; in this case, let us refer to it as the
The topology arising from the p-adic pseudometric is called the padic topology in [9] .
Let us use the symbol G p to denote the subgroup of G containing all elements that are divisible by arbitrarily high powers of p. It is not difficult to verify that G p is a pure subgroup. Given a subgroup H of G, let H p denote the closure of H in the topology arising from d p . Note
The following lemma will be useful later, when proving Lemma 4.2, which is used to prove Theorem 4.3, one of the main theorems. It says that, if H is a subgroup of G such that any element of G/H has order dividing p m , then any element g ∈ G that is not in H must lie at a distance of at least p −m from H. In particular, this implies that if
Lemma 3.3. Let p be a prime, let G be a torsion-free abelian group with p-adic pseudometric d p , let H be a subgroup of G, and let m ∈ N. Then the following are equivalent.
(1) The order of any element
Proof. To prove that (1) implies (2), suppose that g, g ∈ G are such that
To see that (2) implies (1), pick g ∈ G. Then
The following lemma establishes that the closure of a pure subgroup is pure.
Lemma 3.4. Let p be a prime, let G be a torsion-free abelian group, and let H be a pure subgroup of G. Then H p is also a pure subgroup.
Proof. It is easy to verify that H p is a subgroup: if g, g ∈ H p , then
To see that H p is pure, suppose ng ∈ H p for some n ∈ Z\{0}
and g ∈ G. This is equivalent to saying that d p (ng + H, 0) = 0 in the quotient group G/H, which is torsion-free as H is pure. Thus
Closed pure subgroups will play a role in what follows, so it will be useful to give a name to such subgroups. Definition 3.5. Let p be a prime and let G be a torsion-free abelian group. Let us use the term p-ideal to refer to any pure subgroup of G that is closed in the topology arising from d p . Let us say that G is p-simple if G p is the only proper p-ideal of G.
The group G in Example 2.1 is 3-simple: it has many proper nontrivial pure subgroups, each of which is isomorphic to Z, but the closure of any of them in the metric d 3 is all of G.
Given a family (J λ ) λ∈Λ of p-ideals of G, the intersection λ∈Λ J λ is again a p-ideal. The sum of the J λ s is not necessarily pure or closed, but λ∈Λ J λ * p is a p-ideal, and is clearly the smallest one that contains each J λ . Thus the set of p-ideals of G forms a complete lattice where the partial order is given by inclusion. The minimal p-ideals-namely, the elements of this lattice that have nothing except G p below them-are of particular interest. Definition 3.6. Let p be a prime and let G be a torsion-free abelian group. A p-ideal J of G is called minimal if it properly contains G p , but does not properly contain any other p-ideal of G.
Lemma 3.8, below, establishes that a singly-generated p-ideal is minimal. The proof of this fact uses the following lemma, which will also be used later to show that a p-ideal can be separated from an element not in its closure using a p-adic functional (Corollary 3.16).
Lemma 3.7. Let p be a prime, let G be a torsion-free abelian group, let g ∈ G, and let H be a pure subgroup of G. If the distances {d p (g, h) :
Proof. Suppose otherwise, and let n ∈ N be minimal with the property that 1 |n|p d p (ng, h) < for some h ∈ H. Let us show first that n is not divisible by p.
Suppose for a contradiction that p that divides n-say n = pn for n ∈ N. The assumption that d p (ng, h) < |n| p < 1 implies that ng − h is p-divisible. Combined with the obvious fact that ng is p-divisible, this implies that h is p-divisible-say h = ph for some h ∈ H. But then
Lemma 3.8. Let p be a prime, let G be a torsion-free abelian group, and suppose that g ∈ G\G p . Then g * p is a minimal p-ideal.
Proof. g * p is certainly a p-ideal; to see that it is minimal, let us suppose that it properly contains another p-ideal H and show that H = G p . Choose h ∈ H and consider the p-ideal h * p . By assumption, g is not in this p-ideal, so there exists > 0 such that d p (g, h ) > for all h ∈ h * . By Lemma 3.7, the values { 1 |n|p d p (ng, h ) : n ∈ Z\{0}, h ∈ h * } are also bounded below by .
But the hypothesis that h ∈ g * p means that, for all k ∈ N, there exists
Combined with the fact that
Thus, given δ > 0, the value |n k | p can be made less than δ by choosing large enough k. So in particular, for large enough k, p | n k , and hence p m k . But then
An immediate consequence of Lemma 3.8 is the following.
Corollary 3.9. Let p be a prime, let G be a torsion-free abelian group, and let H be a p-ideal of G. Then H is minimal if and only if it is singly generated as a p-ideal and not equal to G p .
3.2.
A Hahn-Banach Theorem for p-adic functionals. Let p be a prime, let G be a torsion-free abelian group with p-adic pseudometric d p , and let f : G → Z p be a group homomorphism (i.e., a p-adic functional). Then f is automatically contractive (and hence continuous) with respect to the p-adic pseudometric d p on G, meaning that
If instead f is only defined on a subgroup H of G, then the above argument shows that, in order for there to exist an extension of f to all of G, it is necessary that f be contractive with respect to d p . It turns out that this condition is also sufficient (Proposition 3.13). But we can say more: if f : H → Z p is contractive with respect to some p-adic sublinear pseudometric t (Definition 3.10), then f extends to a p-adic functional on G that is also contractive with respect to t. Definition 3.10. Let p be a prime and let G be a torsion-free abelian group with p-adic pseudometric d p . Let t : G × G → R ≥0 be a pseudometric. Let us say that t is a p-adic sublinear pseudometric on G if it satisfies the following additional conditions:
(
fies the strong triangle inequality). Let H be a subgroup of G, and suppose that f : H → Z p is a group homomorphism that is contractive with respect to the p-adic sublinear pseudometric t, meaning that |f
Let us refer to such a homomorphism f as a t-contractive functional on H.
Note in particular that d p itself is a p-adic sublinear pseudometric, and, if t is another p-adic sublinear pseudometric, then any tcontractive functional is also a d p -contractive functional. Most of the results in this section are statements about the existence of p-adic functionals; these functionals are extensions of t-contractive functionals for some p-adic sublinear pseudometric t. For most of the proofs, t can be taken to be d p ; however, Proposition 3.17 establishes the existence of p-adic functionals with very specific properties, and for this it will be necessary to use a more restrictive t to get sharper information.
Note that, if H is a subgroup of G and d p is the p-adic pseudometric on G, then the p-adic pseudometric on H is bounded below by the restriction of d p to H, and this bound may be strict. Thus to say that f is a d p -contractive functional on H is stronger than saying that f is a p-adic functional on H. Of course, if H is a pure subgroup of G, then the p-adic pseudometric on H coincides with the restriction to H of that on G.
It
The following is the key lemma that makes everything else work.
Lemma 3.11. Let p be a prime, let G be a torsion-free abelian group, let t be a p-adic sublinear pseudometric on G, let H be a subgroup of G, and let g ∈ G. Suppose there exists a t-contractive functional f : H → Z p , and define, for each h ∈ H and n ∈ Z\{0}, the closed subset B(h, n) := {α ∈ Q p :
Proof. To prove statement (1), note that
h∈H,n∈Z\{0}
(B(0, 1) ∩ B(h, n)), the latter of which is an intersection of closed subsets of Z p . Z p is compact, so the collection of all closed subsets of the form B(0, 1) ∩ B(h, n) has non-empty intersection if and only if it has the finite intersection property. But
, so it suffices to check that the collection of all subsets of the form B(h, n) has the finite intersection property.
Because |·| p satisfies the strong triangle inequality, if two closed disks in Q p have non-empty intersection, then one is contained in the other. Thus if B(h 1 , n 1 ) ∩ B(h 2 , n 2 ) is non-empty, it equals either B(h 1 , n 1 ) or B(h 2 , n 2 ). So to show that a finite intersection of closed disks is nonempty, it suffices to show that all pairwise intersections are non-empty. So let us verify to that any pair of subsets B(h 1 , n 1 ) and B(h 2 , n 2 ) with h 1 , h 2 ∈ H, n 1 , n 2 ∈ Z\{0} has non-empty intersection.
By the strong triangle inequality,
Suppose without loss of generality that t(n 1 n 2 g, n 2 h 1 ) is the maximum of these two distances. Then
where the last equality comes from the absolute scalability of t.
. It is clearly in B(h 2 , n 2 ), so the intersection is non-empty. Now let us prove statement (2). For all h ∈ H and n ∈ Z\{0}, |n| p |f
f is well-defined. To see this, suppose g = h 1 +n 1 g and g = h 2 +n 2 g;
It is easy to verify that f is a group homomorphism. Given that f is a group homomorphism and t is translation invariant, to see that f is a t-contractive functional it is enough to check that |f (g )| p ≤ t(g , 0) for all g ∈ H +Zg. If g ∈ H, this follows immediately from the fact that f is a t-contractive functional, so we may suppose that g / ∈ H. This means that g = h + ng for some h ∈ H and n ∈ Z\{0}. Then
where the inequality on the last line comes from the fact that β ∈ B(−h, n).
Lemma 3.11 allows us to extend a t-contractive functional on a subgroup of G to one on a larger subgroup, but to show that non-trivial p-adic functionals exist, we need to start with a non-trivial t-contractive functional on some subgroup of G. The natural place to begin is with a cyclic subgroup.
The following corollary, which deals with functionals on cyclic subgroups of G, follows from Lemma 3.11 by taking H = {0} and t = d p .
Corollary 3.12. Let p be a prime, let G be a torsion-free abelian group with p-adic pseudometric d p , and let g ∈ G. Then, given any β ∈ Z p for which |β| p ≤ d p (g, 0), there exists a d p -contractive functional f :
The next proposition is an analogue of the Hahn-Banach Theorem for the setting of torsion-free abelian groups. Proposition 3.13. Let p be a prime and let G be a torsion-free abelian group with p-adic sublinear pseudometric t. Suppose that H is a subgroup of G and f is a t-contractive functional on H. Then there exists a t-contractive p-adic functional f on G that extends f .
Proof. Consider the set K of pairs (f , H ), where H is a subgroup of G that contains H and f is a t-contractive functional on H that extends f . K is non-empty because it contains (f, H). Give K a partial ordering by saying that (
Thus by Zorn's Lemma there exists a maximal pair (f max , H max ). Suppose for a contradiction that H max = G. Then there exists g ∈ G\H max . By parts (1) and (3) of Lemma 3.11, f max extends to a tcontractive functional f max on the subgroup H + Zg . H + Zg contains H max , and hence contains H, and f max extends f max , and hence extends f . Thus the pair (f max , H + Zg ) is in K, and is strictly greater than (f max , H max ), contradicting the maximality of that pair. Hence H max = G after all. Proposition 3.13 can be combined with Corollary 3.12 and Lemma 3.7 to produce the following corollaries, which say that any g ∈ G realizes its maximum possible value on some functional, and p-adic functionals can separate a pure subgroup of G from an element g not in its closure.
Corollary 3.14. Let p be a prime, let G be a torsion-free abelian group with p-adic pseudometric d p , and let g ∈ G. Then there exists a p-adic
Proof. By Corollary 3.12, there exists a d p -contractive functional f on g such that |f (g)| p = d p (g, 0). By Proposition 3.13, f extends to a p-adic functional on G.
Corollary 3.15. Let p be a prime and let G be a torsion-free abelian group that is not p-divisible. Then there exists a non-zero p-adic functional on G.
Corollary 3.16. Let p be a prime, let G be a torsion-free abelian group with pure subgroup H, and suppose that g is an element of G that is not in H p . Then there exists a p-adic functional f on G such that f (h) = 0 for all h ∈ H, but f (g) = 0.
Proof. Let d p denote the p-adic pseudometric on G. The zero homo-
To say that g is not in H p means that there is some > 0 such that d p (g, h) ≥ for all h ∈ H. By Lemma 3.7, this means that the values { 1 |n|p d p (ng, h) : h ∈ H, n ∈ Z\{0}} are bounded below by . But then, by Lemma 3.11 part (3), for any β in the ideal {α ∈ Z p : |α| p ≤ } of Z p , f extends to a d p -contractive functional f on H + Zg such that f (g) = β. In particular, it is possible to find a non-zero β with this property. Then by Proposition 3.13, f extends to the required p-adic functional f on G.
The following proposition will be useful in Section 4, when we consider finite-index subgroups of a torsion-free abelian group G.
Proposition 3.17. Let p be a prime, let G be a torsion-free abelian group, and let H be a subgroup of G. Suppose m ∈ N is such that the order of any element g + H ∈ G/H divides p m . Then for any g ∈ G\H there exists a p-adic functional f on G with the property that
Proof. Let d p denote the p-adic pseudometric on G, and let d H p denote the p-adic pseudometric on H (which might be different from the restriction of d p to H). For g ∈ G, define
Then define a function t : G × G → R ≥0 as follows:
otherwise.
Let us show that t is a p-adic sublinear pseudometric. Choose elements g 1 , g 2 , and g 3 ∈ G. The proof that t satisfies the strong triangle inequality can be broken into cases, depending upon which of the differences g 1 − g 2 , g 1 − g 3 , g 3 − g 2 lie in H. If any two of these are in H, then so is the third, so the possibilities are (1) all are in H; (2) none is in H; (3) g 1 − g 2 ∈ H, g 1 − g 3 , g 3 − g 2 / ∈ H; and (4) without loss of generality,
Case (3):
Case (4):
Thus t satisfies the strong triangle inequality. Combined with the obvious facts that t is symmetric and t(g, g) = 0 for all g ∈ G, this implies that t is a pseudometric.
t is clearly translation invariant, as the formulas v(g 1 − g 2 ) and d H p (g 1 , g 2 ) involve taking the difference of the group elements g 1 and g 2 .
To see that t is absolutely scalable, pick n ∈ Z and g 1 , g 2 ∈ G. If (g 1 − g 2 ) ∈ H, then n(g 1 − g 2 ) ∈ H, and
If n(g 1 − g 2 ) / ∈ H, then g 1 − g 2 / ∈ H, and
where v p is the p-adic valuation on Q.
Now let us check that t is dominated by d p . Suppose that g 1 , g 2 ∈ G and
As n was arbitrary with the property that
If g 1 − g 2 / ∈ H and p n divides g 1 − g 2 , then n < m by the hypothesis on m, and
This completes the proof that t is a p-adic sublinear pseudometric. Now for any g / ∈ H, the definition of t implies that p −m < t(g, 0). Choose a group homomorphism f : g → Z p with the property that |f (g)| p = t(g, 0). Then f is t-contractive, so by Proposition 3.13, it extends to a t-contractive p-adic functional f on G. As f is t-contractive,
3.3. Spaces of functionals.
Definition 3.18. Let p be a prime and let G be a torsion-free abelian group. Let us use the symbol G * p to denote Hom(G, Z p ), the set of p-adic functionals on G. G * p is a torsion-free abelian group, and as it is a subgroup of Z G p , it contains no non-zero elements that are divisible by arbitrarily high powers of p, so the p-adic pseudometric on G * p is in fact a metric. In what follows, it will be useful to view G * p as a topological space. It turns out that the most useful topology is not the metric topology arising from the p-adic metric on G * p , but rather the topology that G Example 3.20. Let p be a prime, let G = n∈N Z and, for n ∈ N, let e n denote the nth standard basis element of G. For m ∈ N, let f m denote the p-adic functional defined by f m (e n ) = δ m,n , and let f 0 denote the p-adic functional defined by f 0 (e n ) = 1 for all n ∈ N. Then the sequence f 1 , f 1 + f 2 , f 1 + f 2 + f 3 , . . . converges to f 0 in the relative topology, but not in the metric topology.
Note that any p-adic functional on G is entirely determined by its values on a maximal independent subset of G, which means that, if G has finite rank, then the Z p -rank of G * p cannot exceed the rank of G-more precisely, it cannot exceed the rank of G minus the rank of G p . Proposition 3.22, below, says that G is p-simple but not p-divisible if and only if the Z p -rank of G * p is 1. The proof of this fact uses the following easy lemma.
Lemma 3.21. Let p be a prime, let G be a torsion-free abelian group, and let f be a p-adic functional on G. Then ker(f ) is a p-ideal of G.
Proof. f is a group homomorphism into a torsion-free abelian group, so its kernel is a pure subgroup of G. f is continuous with respect to the topology arising from the p-adic pseudometric on G, so its kernel is closed, as it is the pre-image of the closed subset {0} of the metric space Z p . Proposition 3.22. Let p be a prime and let G be a torsion-free abelian group. Then G is p-simple but not p-divisible if and only if, up to multiplication by a non-zero constant in Z p , there is a unique non-zero p-adic functional on G.
Proof. For the "only if" direction, suppose that G is p-simple but not pdivisible, then pick f 1 , f 2 ∈ G * p , and suppose that f 1 is non-zero. Then there exists g ∈ G such that f 1 (g) = 0, which means in particular that g / ∈ G p . Suppose without loss of generality that
* p , and g ∈ ker(f 0 ). By Lemma 3.21, ker(f 0 ) is a p-ideal of G. ker(f 0 ) contains g, so is bigger than G p ; thus, as G is p-simple, ker(f 0 ) = G. Now let us prove the "if" direction. Note that, if G is p-divisible, then it has no non-zero p-adic functionals. Thus suppose that G is not p-divisible and not p-simple, and let us construct two Z p -independent p-adic functionals on G. Let J be a proper p-ideal of G that is strictly larger than G p . As J is proper, there exists g ∈ G\J; by Corollary 3.16, there exists a p-adic functional f 1 with the property that f 1 (h) = 0 for all h ∈ J and f 1 (g) = 0.
As J is larger than G p , it is not p-divisible, so by Corollary 3.15, there exists a non-zero p-adic functional on J, which extends to a p-adic functional f 2 on G by Proposition 3.13. f 1 and f 2 are both non-zero, and neither is a multiple of the other because f 1 is 0 on J while f 2 is not.
The next lemma characterizes the p-adic metric on G * p in terms of the absolute values of the images of elements of G.
Lemma 3.23. Let p be a prime, let G be a torsion-free abelian group with p-adic pseudometric d p , and let f be a p-adic functional on G. Then
:
Proof. Suppose that f = p k f for some f ∈ G * p . Then, for any g ∈ G,
Thus |f (g)|p dp(g,0)
This is clearly a group homomorphism into Q p , and in fact it takes values in Z p because
The following corollary is an immediate consequence of Lemma 3.23.
Corollary 3.24. Let p be a prime, let G be a torsion-free abelian group with p-adic pseudometric d p , and suppose that f is a non-zero p-adic functional on G. Then there exists g ∈ G with d p (g, 0) = 1 such that
The goal of the next sequence of results is to characterize the subsets of G * p that are sufficiently rich to contain, for each g ∈ G, a p-adic functional that achieves the maximum possible absolute value on g. This is the content of Proposition 3.27, which says that this is occurs for subsets of G * p that have Z p -spans that are dense in G * p in the relative topology. The proof of this result uses Lemma 3.26, which in turn uses the following technical lemma. Lemma 3.25. Let p be a prime, let G be a torsion-free abelian group, and let F ⊂ G * p and X ⊂ G be finite subsets of G * p and G respectively, with the property that {f | X : f ∈ F } ⊆ Z X p is Z p -independent. Then there exists X ⊆ X such that X and F contain the same number of elements, and {f
Proof. Let F = {f 1 , . . . , f k } and X = {g 1 , . . . , g l }. Certainly l ≥ k, as
Consider the matrix B ∈ M k×l (Z p ), the (i, j)th entry of which is f i (g j ). View B as a matrix over Q p ; then if l > k the Rank-Nullity Theorem says that there exists a non-zero vector v = (v 1 , . . . , v l ) t ∈ Q l p such that Bv = 0. Suppose that the entry v l has maximal absolute value among all entries of v; then, by replacing v with v/v l , we may suppose that v in fact has entries in Z p , and v l = 1.
To see this, suppose that
Z is dense in Z p , so we can pick an element w = (w 1 , . . . , w l )
We may insist further that
Thus it is true that, for each i ≤ k,
Each term in the first sum has absolute value less than |α i | ≤ , so by the strong triangle inequality, the entire sum has absolute value less than . Thus
We can apply the same argument to X\{g l } to show that either X\{g l } has the same number of elements as F , or else there exists a smaller set, the restriction of F to which is Z p -independent. Proceeding in this fashion eventually produces a set with the same size as F .
The next lemma says that a functional f ∈ G * p can be separated from a subset F ⊆ G * p by an element of G if and only if it is not in the relative-topology closure of the span of F .
Lemma 3.26. Let p be a prime, let G be a torsion-free abelian group, let F be a non-empty subset of G * p , and let f ∈ G * p . The following are equivalent:
(2) f is not in the relative-topology closure of the Z p -span of F .
Proof. To prove that (1) implies (2), suppose for a contradiction that there exists g ∈ G satisfying condition (1), but f lies in the relativetopology closure of the Z p -span of
Then, as Z p is a discrete valuation ring, this supremum is achieved on
Similarly, the fact that Z p is a discrete valuation ring implies that the set T |f (g)|p := {β ∈ Z p :
Consider the relative-topology open set g ∈G U g , where
f is in this open set, so, by assumption, there exists some Z p combination α 1 f 1 + · · · + α n f n in this set, where α i ∈ Z p and f 1 , . . . , f n ∈ F . But then, by the strong triangle inequality,
, which is a contradiction. Thus f is not in the relative-topology closure of the Z p -span of F after all. Now let us prove that (2) implies (1). The statement that f is not in the relative-topology closure of the Z p -span of F means that there exists a finite subset X ⊂ G such that f | X is not in the Z p -span of {f | X : f ∈ F }. Let f 1 = f | X , and let {f 2 , . . . , f k } be a basis for the Z p -module spanned by {f | X : f ∈ F }, which is a submodule of the free Z p -module Z X p , and hence is free itself. Then {f 1 , . . . , f k } is independent over Z p . By Lemma 3.25, we may, in fact, suppose that X contains exactly k elements, say X = {g 1 , . . . , g k }.
Let A denote the k × k matrix, the (i, j)th entry of which is
Let adj(A) denote the adjugate of A, that is, the transpose of the matrix of cofactors of A. Then the entries of adj(A) are in Z p , and A adj(A) = det(A)I, where I is the k × k identity matrix.
Let e 1 denote the first standard basis element of
Then, by the strong triangle inequality, each entry of Aw differs from the corresponding entry of Av by something with absolute value less than max 1≤i,j≤k {|f i (g j )| p } det(A)/2 ≤ det(A)/2. In particular, the first entry of Aw has absolute value greater than det(A)/2, and all other entries have absolute value less than this.
But by the strong triangle inequality, the absolute value of this sum is at most (1) is true for the element
The next result describes the subsets of G * p , the relative-topology closures of the the spans of which are all of G * p .
Proposition 3.27. Let p be a prime, let G be a torsion-free abelian group with p-adic pseudometric d p , and let F be a subset of G * p . The following are equivalent:
G * p is the relative-topology closure of the Z p -span of F .
Proof. To prove that (2) implies (1), suppose that G * p is the relativetopology closure of the Z p -span of F , and pick g ∈ G. By Corollary 3.14, there exists a p-adic functional f on G such that |f (g)| p = d p (g, 0). We can write f (g) in terms of {f (g) : f ∈ F }: 0) . If the stronger statement |f i (g)| p < d p (g, 0) were true for all i ≤ k, then, by the strong triangle inequality, it would follow that
To prove that (1) implies (2), suppose that statement (1) is true, but the relative-topology closure of the Z p -span of F is properly contained in G * p . Then pick a p-adic functional f on G that is not in the relativetopology closure of the Z p -span of F . By Lemma 3.26, there exists g ∈ G such that |f (g)| p > |f (g)| p for all f ∈ F . But this is impossible because, by statement (1), there exists f ∈ F such that |f (g)| p = d p (g, 0), and |f (g)| p cannot exceed this value because f is a p-adic functional on G.
Double duals.
If p is a prime and G is a torsion-free abelian group, then the dual space G * p of p-adic functionals is also a torsionfree abelian group, and so has its own dual space G * p * p . There is a natural homomorphism Φ p from G to G * p * p (Definition 3.29, below), the image of which is dense in G * p * p (Theorem 3.31, below).
Definition 3.28. Let p be a prime, let G be a torsion-free abelian group, and let g ∈ G. Define a functionĝ p :
is clearly a pro-p group. Moreover it satisfies the following universal property with respect to G: if there exists a pro-p group H and a group homomorphism θ : G → H, then there exists a continuous homomorphism η :
If G is a torsion-free abelian group, then G * p * p is a free Z p -module, and hence is a pro-p group (and the pro-p topology agrees with the relative topology on G * p * p [16, Proposition 2.2.1, parts (a) and (b)]). Thus the universal property guarantees the existence of a continuous homomorphism η :
Then in order to show that G * p * p is the pro-p completion, it will be necessary to find a continuous homomorphism in the other direction. Let us do so by finding a compatible system of homomorphisms from G * p * p into all of the finite p-group quotients of G, and then use the universal property of the inverse limit to construct the required homomorphism.
Lemma 4.2. Let p be a prime, let G be a torsion-free abelian group, and let H be a subgroup of G of index p k for some k ∈ N. Then there exists a unique continuous homomorphism θ H :
Proof. There exists m ∈ N ∪ {0} such that the maximum order of any element
−m , then g and g are in the same H-coset. Let {g 1 , . . . , g p k } be a complete set of coset representatives of G/H, with g 1 ∈ H, and let F be a finite set of p-adic functionals such that, for each 2
(Such a set F exists by Proposition 3.17.)
For φ ∈ G * p * p , consider the open neighbourhood U φ of φ defined by U φ = f ∈G * p U f , where U f = {β ∈ Z p : |β − φ(f )| p ≤ p −m } if f ∈ F , and for f / ∈ F , U f = Z p . Then U φ is an open subset of Z G * p p , so its intersection U φ with G * p * p is open in the relative topology on G * p * p .Ĝ p is dense in G * p * p in the relative topology, so there exists some g ∈ G such thatĝ p ∈ U φ . Set θ H (φ) = g + H, and let us show that this is well-defined.
Let us show that, if we had chosen a different element g ∈ G witĥ g p ∈ U φ , then g + H = g + H. To see this, note thatĝ p ∈ U φ implies that |f (g − g )| p ≤ p −m for all f ∈ F . Suppose that g j is the chosen representative of the coset g − g + H; this means that g j − g + g ∈ H. If j = 1, then g 1 ∈ H, so g − g ∈ H as required. Otherwise, pick f ∈ F such that |f (g j )| p > p −m ≥ |f (h)| p for all h ∈ H, and note that, by the strong triangle inequality,
But g j − g + g ∈ H, so |f (g j − g + g )| p ≤ p −m , while |f (g − g )| p ≤ max{|f (g) − φ(f )| p , |f (g ) − φ(f )| p }, which is less than or equal to p −m
Classification
The theory of p-adic functionals can be used to classify finite-rank torsion-free abelian groups. Specifically, the collection of homomorphisms Φ p : G → G * p * p for a torsion-free abelian group G, as p ranges over the set of all primes, gives enough information to recover the isomorphism class of G.
Let P denote the set consisting of all integer primes and let G be a torsion-free abelian group. Pick a maximal independent subset B of G.
For an element (α λ ) λ∈Λ ∈ Z of a basis for G * p . This fact places a restriction on the structure of A p ; this restriction is expressed in terms of the following definition.
Definition 5.4. Let p be a prime, let m, n ∈ N, and let A ∈ M m×n (Z p ). Then define the column span of A to be C(A) := span Z {v/ v p : v is a non-zero column of A}, where, for a vector v ∈ Z n p , v p is the maximum of the p-adic absolute value of its entries.
of Kurosch come from the tensor product G ⊗ Z p . This decomposes (not necessarily uniquely) as a direct sum of a reduced part and its non-reduced (i.e. divisible) subgroup. The divisible part is a Q p -vector space and the reduced part is a free Z p -module. Let B be a maximal independent subset of G. The coefficients in the ith row of the pth Kurosch matrix express the ith element of B as a combination of basis elements for the divisible and reduced parts of G ⊗ Z p .
One main result of the present work is that the information from the divisible subgroup of G ⊗ Z p is extraneous; that is, the last n p columns of the Kurosch matrices are enough to determine G completely.
It is possible to characterize the homomorphisms between factored forms.
Proposition 5.9. Let (A p ) p∈P and (B p ) p∈P be two factored forms, with each matrix A p ∈ M mp×m (Z p ) and each matrix B p ∈ M np×n (Z p ). Then a matrix V ∈ M n×m (Q) represents a group homomorphism from G((A p ) p∈P ) to G((B p ) p∈P ) if and only if, for all p ∈ P , every row of B p V lies in the Z p -module spanned by the rows of A p .
Proof. The "only if" part of the statement is clear, because left multiplication by any row R of B p is a p-adic functional on G((B p ) p∈P ), so the composition g → V g → RV g is a p-adic functional on G((A p ) p∈P ), and hence must correspond to a Z p combination of the rows of A p .
For the "if"' part of the statement, suppose that, for all primes p, every row of B p V lies in the Z p -module spanned by the rows of A p . Pick g ∈ G((A p ) p∈P ). To show that left multiplication by V is a homomorphism, it is enough to show that, if g ∈ p k G((A p ) p∈P ) for some prime p and k ≥ 0, then V g ∈ p k G((B p ) p∈P ). So suppose g ∈ p k G((A p ) p∈P ). By Definition 5.2, this means that A p g ∈ p k Z mp p . Thus if R is a row of A p , then R g ∈ p k Z p . As any row R of B p V is in the Z p -span of the rows of A p , this means that Rg ∈ p k Z p as well, so B p V g ∈ p k Z np p , and by Definition 5.2 V g ∈ p k G((B p ) p∈P ).
We are now in a position to state Theorem 5.10, the main classification result. It says that every finite-rank torsion-free abelian group has a factored form, and gives a characterization of isomorphisms between factored forms. The first statement is a consequence of Proposition 5.3 and the discussion following it, while the second statement is a consequence of Proposition 5.9.
Theorem 5.10. Any finite-rank torsion-free abelian group G has a factored form.
Moreover, if (m p , A p ) p∈P and (n p , B p ) p∈P are two factored forms, then G((A p ) p∈P ) is isomorphic to G((B p ) p∈P ) if and only if the following conditions hold.
(1) m p = n p for all p ∈ P ;
